For a given division algebra of the quaternions, we construct two types of units of its Z-orders: Pell units and Gauss units.
Introduction
Hyperbolic groups were defined firstly by Gromov [3] , from the concept of hyperbolic metric space.
Let G be a finitely generated group and G its Cayley graph with the lenght metric, G is hyperbolic if G is hyperbolic.
Gromov showed that if Γ is hyperbolic, then it does not contain a free abelian group of rank two, i.e., Z 2 ֒→Γ. If G is finite then QG has at most one Wedderburn component that is not a division ring and it is isomorphic to M 2 (Q). This was first proved by Jespers in [6] . Still in [6] , Jespers classifies the finite groups G with non abelian free normal complement in U 1 (ZG).
Recently, Juriaans, Passi and Prasad have classified the finite subgroups G whose group U 1 (ZG) is hyperbolic. In the first section we extend this result, classifying the rings of algebraic integers R of a racional quadratic extensions and the finite groups G such that U 1 (RG) is hyperbolic.
Corrales et all, in [2] , 2004, determined generators of a subgroup of finite index of U(H(Z(
))), whose units have norm 1.
For H(Q( √ d)) a division ring we construct some units of the group U(H(R)). We obtain a Pell equation, whose solutions generate the units, which we call Pell units. Furthermore, we construct units of norm −1, which gives rise to the definition of the Gauss units.
2 The rings R with U 1 (RG) hyperbolic
In this section and in the next, for 1 = d ∈ Z * square free, we let K be the quadratic extension Q( √ −d) and R := I K its ring of algebraic integers. The quaternion group K 8 := {±1, ±i, ±j, ±k}, and the cyclic group of order n is denoted by C n .
Theorem 2.1
The unit group U 1 (RG) is hyperbolic, for the following groups G and integers d: 
Conversely, in all the above cases, U 1 (RG) is hyperbolic . 
n is a free group of rank less ou equal to n.
The Pell and Gauss Units
Definition 3.1 Let K be an algebraic number field and R its ring of algebraic integers. For a, b ∈ K, we denote by
The set {1, i, j, k} is a K-basis of H(K). If a, b ∈ R, then
The norm of
In what follows, we consider H(K)
= K[i, j : i 2 = −1, j 2 = −1, −ji = ij =: k]. Proposition 3.2 Let u = u 1 + u i i + u j j + u k k ∈ U
(H(R)) with norm η(u).
The following conditions hold: 
If d ≡ 7 (mod 8), and η(u)
The following conditions hold:
For d ≡ 3 (mod 4) and F
are units in H(R). 
